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SPECTRAL FLOW, INDEX AND THE SIGNATURE OPERATOR
SARA AZZALI AND CHARLOTTE WAHL
Abstract. We relate the spectral flow to the index for paths of selfadjoint
Breuer-Fredholm operators affiliated to a semifinite von Neumann algebra,
generalizing results of Robbin-Salamon and Pushnitski. Then we prove the
vanishing of the von Neumann spectral flow for the tangential signature oper-
ator of a foliated manifold when the metric is varied. We conclude that the
tangential signature of a foliated manifold with boundary does not depend on
the metric. In the Appendix we reconsider integral formulas for the spectral
flow of paths of bounded operators.
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1. Introduction
Since its introduction by Breuer [B, B2], index theory in von Neumann algebras
has been extensively developed, motivated by the geometric situations of coverings
and foliations. The foundations can be traced back in the work of Atiyah on
the L2-index theorem [A], and then in the index theorem of Connes for measured
foliations [Co]. The corresponding index theorems for manifolds with boundary
with Atiyah-Patodi-Singer boundary conditions are a work of Ramachandran [Rm].
Cylindrical ends counterparts have been proven for coverings by Vaillant [V] and
for foliations by Antonini [An], who applied their results to the definition and study
of L2-signatures for coverings of manifolds with boundary and tangential signatures
for measured foliations with boundary [An2], respectively.
In parallel the notion of spectral flow for paths of selfadjoint Breuer-Fredholm op-
erators affiliated to a von Neumann algebra has been the subject of many inves-
tigations. The definition of the spectral flow in type II von Neumann algebras is
due to Phillips [Ph]. It is based on the idea that the spectral flow of a path of such
operators (Du)u∈[0,1] measures the discontinuity of the path of projections onto
the positive part of the spectrum. His definition applies to continuous paths of
operators with respect to the Riesz topology. A more general definition was given
in terms of a winding number in [W2]. Both approaches have been used to prove
integral formulas for the spectral flow, see for example [CP][W2][CPS].
A natural question is whether, as in the classical case, the spectral flow of a path of
affiliated operators (Du)u∈[0,1] equals the von Neumann index of the operator ∂u+
Du (with Atiyah-Patodi-Singer conditions when the endpoints are not invertible).
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For Dirac operators on a closed odd-dimensional manifold this follows for example
from the variational formula for η-invariants [Me]. For a fixed Dirac operator which
has been perturbed by a path of endomorphisms, a corresponding result in the L2-
index theory for coverings was established in [BCPRSW]. In the classical situation,
the equality “index = spectral flow” was proven for a path of general selfadjoint
operators with compact resolvents via an axiomatic approach in [RS]. The condi-
tions on the path were further relaxed in [Rb]. A noncommutative (C∗-algebraic)
version has been derived in [LP] for Dirac operators, and for more general operators
on Hilbert C∗-modules in [W].
The first result of this paper is the equality “spectral flow = index” for a path
of selfadjoint operators with common domain, and resolvents in the ideal K(N ),
where N is a semifinite von Neumann algebra. In particular, Theorem 2.1 deals
with the case when the endpoints are invertible. We use only few properties of the
spectral flow and the index for the proof (namely homotopy invariance, additivity
with respect to concatenation of paths and to direct sums, and a normalization
property). It is based on the ideas of the proofs in the noncommutative case in
[LP] and [W]. Our approach can also be used to generalize these results further, see
the remarks following Lemma 2.3. Our proof is different from the one in [RS][Rb],
which makes use of the discreteness of the spectrum in the classical case and thus
does not generalize to our situation.
Along the way we also get the equality sf((D + Ku)u∈[0,1]) = ind(∂u + D + Ku)
for a path of symmetric operators Ku which are relatively bounded with respect
to a selfadjoint Breuer-Fredholm operator D with bounds αu < 1 and for which
(KuD
−1)u∈[0,1] is a continuous path in K(N ) (Prop. 2.9). Here we do not assume
that the resolvents of D are in K(N ). This is indeed another main result of the
paper, which generalizes a result of Pushnitski [Pu]. Note that to this aim Lemmas
2.6 and 2.7 are proven under more general conditions than necessary just for the
proof of Theorem 2.1.
Theorem 2.11 proves the equality for a path with non-invertible endpoints using
the Atiyah-Patodi-Singer index. Here we show that the unbounded operator with
Atiyah-Patodi-Singer boundary conditions (∂u+Du)
APS is Breuer-Fredholm. This
is done essentially as in [Rm].
Next we translate our results to the type II geometric situation of foliated manifolds
admitting a holonomy invariant transverse measure (Prop. 3.2). We investigate in
particular the tangential signature operator. In the classical case of the signature
operator on a closed manifold, it is well known that a variation of the metric on the
manifold does not produce spectral flow. This comes from the strong link between
the kernel of the signature operator and the cohomology of the manifold. Using
the integral formula for the spectral flow ([CP, W2]) we get an analogous result for
foliated manifolds (Prop. 4.1). The main step in the proof is based on a beautiful
lemma by Cheeger and Gromov (Lemma 4.2), which translates the cohomological
nature of the kernel of the signature operator into an analytic property. Our proof
also yields a reinterpretation of the result of Cheeger and Gromov in terms of
spectral flow.
As an application of our results, we prove that the measured analytic signature of
a foliated manifold with boundary, which was defined in [An], is independent of
the metric. This follows from the vanishing spectral flow for the signature operator
and from a von Neumann relative index theorem by similar arguments as in [LP].
Our methods also apply to L2-signatures for manifolds with boundary, which have
been defined in [V] and studied further in [LS]. However, in this case the vanishing
of the L2-spectral flow for the signature operator is a rather direct consequence
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of the vanishing of the ordinary spectral flow, and the independence of the L2-ρ-
invariants of the metric.
Appendix A is related to but independent of the main body of the paper. Here
we contribute to the investigation of integral formulas for the spectral flow. The
integral formulas of Carey and Phillips [CP] for bounded perturbations of a fixed
selfadjoint operator with resolvents in K(N ) have been generalized to paths of
selfadjoint operator with resolvents in K(N ) and common domain in [W2] by ex-
ploiting the relation between the spectral flow and the winding number. By using
a different approach the latter result was further extended in [CPS], in particular
such that it applies to paths of bounded operators as well. In the Appendix we
show that the proof of [W2] can be modified to include paths of bounded operators.
Our result is not equivalent to the one in [CPS], nor is one a generalization of the
other: indeed, we only assume that the path is strongly differentiable in a certain
sense, while in [CPS] the path has to be differentiable in the norm topology. On the
other hand, the conditions on the interplay between summability and dependence
on the parameter that are imposed in [CPS] are weaker than ours.
Acknowledgements: We would like to thank Moulay Benameur for interesting dis-
cussions. The second named author thanks him for an invitation to Metz, which
started our collaboration. We also thank Paolo Piazza for drawing our attention to
the question about the relation between spectral flow and index.
2. Spectral flow and index
In this section we prove the equality between spectral flow and index (Theorems
2.1 and 2.11) in the general context of semifinite von Neumann algebras.
Let N be a von Neumann algebra acting on a separable Hilbert space H and
endowed with a faithful normal semifinite trace. The ideal K(N ) in N is the
smallest closed ideal containing all elements of finite trace.
There is an induced semifinite trace on the von Neumann algebraic tensor product
M := B(L2(R)) ⊗ N , which acts on L2(R) ⊗ H ∼= L2(R, H). In the following
the index ind is defined with respect to the semifinite von Neumann algebra M,
whereas the spectral flow sf is defined with respect to N .
For the theory of Breuer-Fredholm operators in this setting we refer to [CPRS].
We will in particular use the criterion that an unbounded operator affiliated to
a semifinite von Neumann algebra is Breuer-Fredholm if it has a right and a left
parametrix. This assertion is proven in Lemma 3.15 in [CPRS] under the condition
that the right and left parametrix agree. However the proof works also if they do
not agree.
In general, for a closed operator A on a Hilbert space V we denote by H(A) the
space DomA endowed with the scalar product 〈x, y〉V +〈Ax,Ay〉V . This is a Hilbert
space.
Theorem 2.1. Let (Du)u∈[0,1] be a path of selfadjoint operators affiliated to N with
common domain and resolvents in K(N ). We assume that Du depends continuously
on u as a bounded operator from H(D0) to H (with respect to the operator norm).
Furthermore we assume that the endpoints D0, D1 are invertible. Then
sf((Dt)u∈[0,1]) = ind(∂u +Du) .
We divide the proof of the theorem into several lemmata. First we fix some con-
ventions, which will be tacitly applied in similar situations throughout the paper.
We extend (Du)u∈[0,1] to a path on R by setting Du = D0 for u < 0 and Du = D1
for u > 1. We set D := ∂u + Du, which we understand as a closed operator on
L2(R, H) having C∞c (R, H) as a core.
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For an open interval U = (u0, u1) ⊂ R we define the path
DUu =


Du0 u ≤ u0
Du u ∈ (u0, u1)
Du1 u ≥ u1 .
We set DU = ∂u +DU .
Define the symmetric closed operator
D˜ =
(
0 −∂u +Du
∂u +Du 0
)
.
Furthermore for fixed x ∈ R set Dx = ∂u +Dx,
D˜x =
(
0 −∂u +Dx
∂u +Dx 0
)
and
D˜x =
(
0 Dx
Dx 0
)
.
The following technical lemma will be very useful.
Lemma 2.2. Let D be a selfadjoint invertible operator on H affiliated to N and
let K ∈ N be such that KD−1 ∈ K(N ). Let ϕ ∈ C∞c (R). Then
ϕK(±∂u +D)−1 ∈ K(M) .
Proof. By Fourier transform ±∂u +D is unitarily equivalent (in M) to ±it + D,
which has an inverse in M. It follows that ±∂u+D has an inverse in M, and thus
is affiliated to M.
Any element in L2(R2) defines a compact integral operator on L2(R), and by ten-
soring with the identity an element in M.
The key observation is that in a similar way any element in L2(R2,K(N )) acts on
L2(R, H) defining an element in K(M).
Via Fourier transform the operator ϕK(±∂u+D)−1 on L2(R, H) is unitarily equiv-
alent to the operator
v 7→
∫
R
ϕˆ(x− y)K(±iy +D)−1v(y) dy .
The assertion follows now since ϕˆ(x− y)K(±iy +D)−1 ∈ L2(R2,K(N )). 
The following lemma shows that the statement of the theorem is well-defined.
Lemma 2.3. It holds that DomD = Dom(∂u +D0).
The operator D is affiliated to M and is Breuer-Fredholm.
Proof. Using Fourier transform as in the proof of the previous lemma one sees that
D˜x ± i is invertible. The inverse is in M2(M). Thus D˜x is selfadjoint and affiliated
to M2(M).
By Fourier transform, one also checks that D˜x(D˜x + i)−1 is bounded. Since
D˜y(D˜x + i)−1 = (D˜yD˜−1x )D˜x(D˜x + i)−1
is bounded, it follows that (D˜y−D˜x)(D˜x+i)−1 is bounded, and hence (D˜y+i)(D˜x+
i)−1 is bounded for all x, y ∈ [0, 1]. This implies that Dom D˜x = Dom D˜0. Note
also that D˜y(D˜x + i)−1 depends continuously on y.
Similarly it follows that D˜(D˜0 + i)−1 is bounded. Thus Dom D˜0 ⊂ Dom D˜.
In the following we show that D˜ + i : H(D˜0) → L2(R, H ⊕ H) has a bounded
inverse, which is in M2(M). Then it follows that D˜ is selfadjoint affiliated to M
with Dom D˜ = Dom D˜0.
First we make the following assumption on the path (Du)u∈[0,1]:
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Assumption 2.4. Let C be the norm of (D˜0− i)−1 as an operator from L2(R, H⊕
H) to H(D0). We assume that the operator D˜ − D˜0 : H(D˜0) → L2(R, H ⊕ H) is
bounded by 14C .
Under Assumption 2.4 the Neumann series
(D˜ − i)−1 = (D˜0 − i)−1
∞∑
n=0
(
(D˜0 − D˜)(D˜0 − i)−1
)n
converges and defines an element in M2(M). Furthermore D0(D˜ − i)−1 is well-
defined and bounded. Thus Dom D˜ ⊂ Dom D˜0. It follows that D˜ is selfadjoint and
affiliated to M2(M).
Now we drop Assumption 2.4. For an open interval U we define D˜U ,DUx , D˜Ux as
above.
Let (Ui)i=0,...,k+1, k ∈ N, be a finite covering of R by open intervals with (−∞, 0) =
U0, (1,∞) = Uk+1 and with Ui, i = 1, . . . , k precompact. We assume that the
sets Ui, i = 1, . . . , k are small enough such that for each i the path D
Ui
u fulfills
Assumption 2.4. By the compactness of [0, 1] such a covering exists. By the previous
argument, the operator D˜Ui with Dom D˜Ui = Dom D˜0 is selfadjoint and affiliated
to M2(M).
Let (χ2i )i=0,...,k+1 be a partition of unity subordinate to the covering with χi ∈
C∞(R).
For λ ∈ i R \{0} we set
Q(λ) =
k+1∑
i=0
χi(D˜Ui − λ)−1χi .
It holds that
K := (D˜ − λ)Q(λ) − 1 =
k+1∑
i=0
χ′i(D˜Ui − λ)−1χi .
By choosing |λ| large enough we ensure that 1+K is invertible and thus Q(λ)(1 +
K)−1 is a right inverse of D˜ − λ. Note that K,Q(λ) ∈ M2(M). Similarly one
constructs a left inverse. It follows that D˜ with Dom D˜ = Dom D˜0 is selfadjoint
and affiliated to M2(M).
Now we show that D˜ is Breuer-Fredholm.
Define
Q = χ0D˜−10 χ0 + χk+1D˜−11 χk+1 +
k∑
i=1
χi(D˜Ui − i)−1χi .
It holds that
D˜Q− 1 = χ′0D˜−10 χ0 + χ′k+1D˜−11 χk+1 + i
k∑
i=1
χi(D˜Ui − i)−1χi
+
k∑
i=1
χ′i(D˜Ui − i)−1χi .
Using Lemma 2.2 one checks that the right hand side is inM2(K(M)). Thus Q is a
right parametrix of D˜. A similar calculation yields that Q is also a left parametrix
of D˜. 
The method of the previous lemma works also in a C∗-algebraic context and allows
to generalize Theorem 10 in [LP] as well as Lemma 3.13 and Prop. 3.15 in [W]:
the path (Du)u∈[0,1] considered in [W] was a path of regular selfadjoint operators
with common domain and compact resolvents on the standard Hilbert A-module
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HA, where A is a unital C∗-algebra. It was assumed that Du − D0 is bounded.
This may now be replaced with the condition that Du : H(D0) → HA depends
continuously on u. See the remarks following Lemma 3.13 and Prop. 3.15 in [W].
A similar statement holds for the odd case, see [W, §8].
Next we prove the additivity property for the index.
Lemma 2.5. Let y ∈ (0, 1) be such that Dy be invertible. We define U0 =
(−∞, y), U1 = (y,∞). Then
ind(∂u +Du) = ind(∂u +D
U0
u ) + ind(∂u +D
U1
u ) .
Proof. The proof is an adaption of the proof of Lemma 3.13(5) in [W] to the present
context. That proof in turn is a variation of the proof of the K-theoretic relative
index theorem (Theorem 1.14 in [Bu]).
Define
D = DU0 ⊕DU1 ⊕D∗ ⊕D∗y .
The operator D is a Breuer Fredholm operator affiliated to the semifinite von Neu-
mann algebra M4(M). We have to show that its index vanishes.
By the homotopy invariance of the index we can assume that the path Du (and
thus also DU0u , D
U1
u ) is constant on (y − δ, y + δ) for some δ > 0.
Let χ1 : R → [0, 1] be a smooth function such that χ1(x) = 1 for x < y − δ/2 and
χ1(x) = 0 for x > y + δ/2 and set χ2 =
√
1− χ21. Define
X =


0 0 −χ1 −χ2
0 0 −χ2 χ1
χ1 χ2 0 0
χ2 −χ1 0 0

 ∈M4(M) .
Then XX∗ = X∗X = 1 and X∗ = −X . Furthermore XD−D∗X equals

0 0 −χ1D∗ + (DU0 )∗χ1 −χ2D∗y + (DU0 )∗χ2
0 0 −χ2D∗ + (DU1 )∗χ2 χ1D∗0 − (DU1)∗χ1
χ1DU0 −Dχ1 χ2DU1 −Dχ2 0 0
χ2DU0 −Dyχ2 −χ1DU1 + χ1Dy 0 0

 .
One checks easily that this is a bounded operator, for example
−χ1D∗ + (DU0 )∗χ1 = [χ1, ∂u]− χ1Du +DU0u χ1 = −χ′1 .
Similarly one gets thatDX−XD∗ is bounded. Define the operators D˜ :=
(
0 D∗
D 0
)
andX :=
(
0 X
X 0
)
. It follows that [X, D˜] ∈M8(M). Furthermore [X, D˜](±∂u+
D0)
−1 ∈ K(M8(M)).
Let χ ∈ C∞(R) be odd, non-decreasing, with χ′(0) > 0 and χ2 − 1 ∈ C∞c (R) and
such that χ(D˜)2 − 1 ∈ K(M8(M)). As in the proof of Definition 2.4 of [W] it
follows that
[X,χ(D˜)] ∈ K(M8(M)) .
The operator χ(D) is implicitly defined by the equality
χ(D˜) =
(
0 χ(D)∗
χ(D) 0
)
.
Then Xχ(D)− χ(D)∗X ∈ K(M4(M)) and χ(D)X −Xχ(D)∗ ∈ K(M4(M)).
Now we proceed as in the proof of Lemma 1.15 in [Bu]. For x ∈ [0, pi/2] we set
Fx := cos(x)χ(D) + sin(x)X .
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It holds that
FxF
∗
x − 1
= cos(x)2χ(D)χ(D)∗ + sin(x)2 + cos(x) sin(x)(χ(D)X −Xχ(D)∗)− 1
= cos(x)2(χ(D)χ(D)∗ − 1) + cos(x) sin(x)(χ(D)X −Xχ(D)∗)
∈ K(M4(M)) ,
and similarly F ∗xFx−1 ∈ K(M4(M)). Thus Fx is Breuer-Fredholm for any x. From
the homotopy invariance of the index it follows that
ind(χ(D)) = ind(F0) = ind(Fpi/2) = ind(X) = 0 .

Let D be a selfadjoint operator on H . Recall that a symmetric operator K on H
with DomD ⊂ DomK is called relatively bounded with respect to D with (not
unique) bound αK if there is c > 0 such that for all f ∈ H
‖Kf‖ ≤ αK‖Df‖+ c‖f‖ .
We refer to [Da, §1.4] for the theory of relatively bounded perturbations.
Lemma 2.6. Let D be a selfadjoint operator on H. Let K be a symmetric operator
on H with DomD ⊂ DomK which is relatively bounded with respect to D with
bound αK < 1.
Then D +K is selfadjoint.
Furthermore for any 0 < δ < 1 and c > 0 there are λ0, C > 0 such that
‖D(D +K + λi)−1‖ ≤ C
for all λ > λ0 and all K as before which fulfill
‖Kf‖ ≤ δ‖Df‖+ c‖f‖, f ∈ H .
If D is affiliated to N and K(D + i)−1 ∈ N , then D +K is affiliated to N .
Proof. For any 0 < δ < 1 and c > 0 there is λ0 > 0 such that for δ < γ < 1 it holds
that
‖K(D + λi)−1‖ < γ
for all λ > λ0 and for all symmetric K with DomD ⊂ DomK which fulfill ‖Kf‖ ≤
δ‖Df‖+ c‖f‖, f ∈ H . This follows from the proof of Lemma 1.4.1 in [Da].
Thus for λ > λ0 the resolvents (D +K + λi)
−1 are in N by the Neumann series
(D +K + λi)−1 = (D + λi)−1
∞∑
n=0
(−K(D + λi)−1)n .
This implies that D + K is selfadjoint and affiliated to N if D is affiliated to N
and K(D + i)−1 ∈ N . Furthermore we get
‖D(D +K + λi)−1‖ ≤ C
∞∑
n=0
‖K(D + λi)−1‖n < C
∞∑
n=0
γn .

Lemma 2.7. Let D be a selfadjoint operator on H. Let K be a symmetric operator
on H with DomD ⊂ DomK which is relatively bounded with respect to D with
bound αK < 1. Let D+K be invertible. For R > 0 we set PR := 1[−R,R](D). Then
for R large the operator
D + (1 − u)K + uPRKPR
is invertible for any u ∈ [0, 1].
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Proof. We set Eu := D+(1−u)K+uPRKPR. Since PRKPR is bounded, for each
u and R the operator (1−u)K+uPRKPR is relatively bounded with respect to D.
Let αK < 1 be a bound of K. Then there is c > 0 such that for all u ∈ [0, 1], R > 0
and f ∈ H
‖((1− u)K + uPRKPR)f‖ ≤ (1 − u)‖Kf‖+ u‖PRKPRf‖
≤ (1 − u)‖Kf‖+ u‖K(PRf)‖
≤ (1 − u)αK‖Df‖+ c(1− u)‖f‖+ uαK‖PRDf‖+ cu‖PRf‖
≤ αK‖Df‖+ c‖f‖ .
Thus by the previous lemma D(Eu + λi)
−1 is uniformly bounded in u and R for λ
large.
It holds that
(E0 + λi)
−1 − (Eu + λi)−1
= (E0 + λi)
−1(−uK + uPRKPR)(Eu + λi)−1
= −u(E0 + λi)−1((1 − PR)K(1− PR) + (1 − PR)KPR + PRK(1− PR))(Eu + λi)−1 .
We show that this term converges to zero for R→∞ uniformly in u.
Since (D+λi)(Eu+λi)
−1 is uniformly bounded in u and R and (E0+λi)
−1(D+λi)
is bounded, there is C ∈ R such that
‖(E0 + λi)−1 − (Eu + λi)−1‖ ≤ C
(‖(D + λi)−1(1− PR)K(1− PR)(D + λi)−1‖
+ ‖(D + λi)−1(1 − PR)KPR(D + λi)−1‖
+ ‖(D + λi)−1PRK(1− PR)(D + λi)−1‖
)
.
Consider, for example, the term ‖(D+λi)−1PRK(1−PR)(D+λi)−1‖. The operator
(D + λi)−1PRK is the adjoint of K(D − λi)−1PR, which is uniformly bounded in
R. Clearly (1−PR)(D+ λi)−1 converges to zero for R→∞. The other terms can
be treated similarly. Thus (E0 +λi)
−1 − (Eu +λi)−1 converges to zero for R→∞
uniformly in u.
Since E0 is invertible and the set of invertible selfadjoint operators is open in the
gap topology by Prop. 1.7 in [BLP], the operator Eu is invertible for all u if R is
large enough. 
Lemma 2.8. Assume that N is a von Neumann algebra endowed with a finite trace
and let B0, B1 ∈ N be two involutions. Set Bu := (1− u)B0 + uB1. Then
sf((Bu)u∈[0,1]) = ind(∂u +Bu) .
Proof. The assertion has been proven already in [BCPRSW, §5] by an explicit
calculation. We give a different proof here. We use the properties of the spectral
flow and the index to reduce to paths of a particularly simple form. The value
of the spectral flow and the index for these elementary paths can be seen as the
normalization property of the spectral flow and the index.
First note that K(N ) = N , and thus any element in N is Breuer-Fredholm and
has resolvents in K(N ).
By homotopy invariance the spectral flow of a path in N and the index only depend
on the endpoints.
For i = 0, 1 set P−i =
1
2 (1−Bi).
Define the path (βu)u∈[0,1] by βu = B0 + 4uP
−
0 for u ∈ [0, 12 ] and βu = B1 + 4(1−
u)P−1 for u ∈ [ 12 , 1]. Note that β1/2 = 1.
We set U0 = (0,
1
2 ) and U1 = (
1
2 , 1) and get paths β
Ui
u .
Now by the additivity of the spectral flow with respect to concatenation of paths
sf((βu)u∈[0,1]) = sf((β
U0
u )u∈[0,1]) + sf((β
U1
u )u∈[0,1]) ,
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and by Lemma 2.5
ind(∂u + βu) = ind(∂u + β
U0
u ) + ind(∂u + β
U1
u ) .
Note that (1−P−i )βUiu (1−P−i ) = (1−P−i ). Thus, this path does neither contribute
to spectral flow nor to the index. Furthermore P−0 β
U0
u P
−
0 = (−1 + 4u)P−0 for
u ∈ [0, 12 ] and P−1 βU1u P−1 = (−1 + 4(1 − u))P−1 for u ∈ [ 12 , 1]. The spectral flow
for these paths can be obtained directly from Phillips’ definition [Ph], whereas the
index can be easily calculated by determining explicitely kernel and cokernel. We
get
sf((βU0u )u∈[0,1]) = ind(∂u + β
U0
u ) = tr(P
−
0 )
and
sf((βU1u )u∈[0,1]) = ind(∂u + β
U1
u ) = − tr(P−1 ) .

The following proposition is one of the main results of this paper. It generalizes a
result from [Pu].
Proposition 2.9. Let D be a selfadjoint invertible operator affiliated to N and let
(Ku)u∈[0,1] be a path of symmetric operators on H with DomD ⊂ DomKu, such
that each Ku is relatively bounded with respect to D with bound αu < 1 and such
that (KuD
−1)u∈[0,1] is a continuous path in K(N ). Furthermore we assume that
K0 = 0 and that D +K1 is invertible.
Then
sf((D +Ku)u∈[0,1]) = ind(∂u +D +Ku) .
In the classical case N = B(H) the conditions of the Proposition simplify: the
condition K(D+ i)−1 ∈ K(H) means that K is relatively compact with respect to
D, and this implies that any αK > 0 is a bound.
Proof. By Prop. 2.2 of [Le] the bounded transform of the path D + Ku depends
continuously on u. Hence its spectral flow is well-defined.
As in the proof of Lemma 2.3 one gets that ±∂u+D+Ku with domain Dom(∂u+D)
are affiliated to M and adjoint to each other.
We show that ∂u +D +Ku is Breuer-Fredholm. For that end, let χ1 ∈ C∞(R) be
a positive function such that χ1(x) = 1 for x < −R and χ1(x) = 0 for x > R for
some R > 0. We set χ2 =
√
1− χ21.
We define Q = χ1(∂u +D)
−1χ1 + χ2(∂u +D +K1)
−1χ2.
Then
(∂u +D +Ku)Q− 1 = χ1Ku(∂u +D)−1χ1 + χ2(Ku −K1)(∂u +D +K1)−1χ2
+ χ′1(∂u +D)
−1χ1 + χ
′
2(∂u +D +K1)
−1χ2 .
Using Lemma 2.2 and an approximation argument one concludes that the first line
of the right hand side is in K(M). By choosing χ1 appropriate we can arrange that
the norm of
T := χ′1(∂u +D)
−1χ1 + χ
′
2(∂u +D +K1)
−1χ2
is smaller that 14 . Then Q(1+T )
−1 is a right parametrix of ∂u+D+Ku. In a similar
way one gets a left parametrix. This implies that ∂u+D+Ku is Breuer-Fredholm.
Next we show that it is enough to establish the equality in the proposition for the
case where D is bounded.
Let PR = 1[−R,R](D).
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For R > 0 large enough the selfadjoint operator D + sPRK1PR + (1 − s)K1 is
invertible for all s ∈ [0, 1] by Lemma 2.7. We write Es := ∂u + D + sPRKuPR +
(1− s)Ku and
E˜s =
(
0 E∗s
Es 0
)
.
As usual, we write D0 = ∂t +D, and define D˜0 accordingly.
As in the proof of Lemma 2.3 one shows that Dom D˜0 = Dom E˜s. Since E˜s :
H(D˜0) → L2(R, H ⊕ H) is continuous in s, Prop. 2.2 of [Le] implies that the
bounded transform of E˜s depends continuously on s. Thus the homotopy invariance
of the index implies that
ind(∂u +D +Ku) = ind(E0) = ind(E1) = ind(∂u +D + PRKuPR) .
The operator on the right hand side commutes with PR and thus is diagonal with
respect to the decomposition L2(R, H) = L2(R, PRH) ⊕ L2(R, (1 − PR)H). The
index of ∂u + (1 − PR)D, taken with respect to the von Neumann algebra (1 −
PR)M(1− PR), vanishes.
Similarly, we have
sf((D +Ku)u∈[0,1]) = sf((D + PRKuPR)u∈[0,1]) .
Clearly, the spectral flow of the constant path (1 − PR)D vanishes. Thus we only
need to prove the assertion for the path PR(D +Ku)PR of bounded operators.
Therefore we assume from now on thatD is bounded. ThenKu is a continuous path
in K(N ). Define the involution Bi = 1[0,∞)(D +Ki) − 1(−∞,0](D +Ki), i = 0, 1.
The path (D+Ku)u∈[0,1] is homotopic to the path (Bu := B0 + u(B1 −B0))u∈[0,1]
through paths of selfadjoint Breuer-Fredholm operators with invertible endpoints.
Furthermore B1 −B0 ∈ K(N ).
In the following we use ideas from [BCPRSW, §5] in order to reduce to a finite
situation, in which we can apply the previous lemma: the operator Bu is invertible
for u 6= 12 . Let 4 > ε > 0. The projection Pε := 1[0,ε]((B0 + B1)2) commutes with
B0, B1. Thus (1 − Pε)Bu(1 − Pε) is invertible for any u. It follows that the path
(1− Pε)Bu(1− Pε) is homotopic to the constant path (1− Pε)B0(1− Pε) through
paths with invertible endpoints. Thus it neither contributes to the index nor to the
spectral flow. Since
(B0 +B1)
2 − 4 = B0B1 +B1B0 − 2 = (B0 −B1)B1 +B1(B0 −B1) ∈ K(N ) ,
the projection Pε is finite. For the path (PεBuPε)u∈[0,1] the assertion follows from
the previous lemma. 
Proof of the Theorem. Let 0 = u0 < u1 < · · · < uk < uk+1 = 1 be such that for
i = 0, . . . , k there is a selfadjoint operator Ki ∈ K(N ) with Du +Ki invertible for
u ∈ [ui, ui+1]. We also assume that K0 = 0 and set Kk+1 = 0.
Such a subdivision exists: Let s ∈ [0, 1]. ForK = 21[−1,1](Ds) the operatorDs+K :
H(D0)→ H is invertible. Since Du +K : H(D0)→ H depends continuously on u,
it is invertible in a small neighbourhood of s. Now the existence of the subdivision
follows from the compactness of [0, 1].
We define a path (Eu)u∈[0,1] as follows: We set
Eu =
{
D2u−ui +Ki, u ∈ [ui, ui+ui+12 ] ,
Dui+1 +
2
ui+1−ui
(
(ui+1 − u)Ki + (u− ui+ui+12 )Ki+1
)
, u ∈ [ui+ui+12 , ui+1] .
Since Eu is obtained from Du by reparametrizing and adding a path of bounded
selfadjoint operators with vanishing endpoints, homotopy invariance implies that
sf((Du)u∈[0,1]) = sf((Eu)u∈[0,1])
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and
ind(∂u +Du) = ind(∂u + Eu) .
Note that for each i the path EUiu , Ui := (ui,
ui+ui+1
2 ) consists of invertible opera-
tors. Hence it is homotopic to the constant path Eui through paths with invertible
endpoints and contributes neither to the spectral flow nor to the index. The pre-
vious proposition implies that for the paths EViu , Vi := (
ui+ui+1
2 , ui+1) index and
spectral flow agree.
Now the assertion follows from the additivity of spectral flow and index (see Lemma
2.5) with respect to concatenation of paths. 
In the following we prove a variation of the theorem: instead of a cylinder we con-
sider the unit interval and Atiyah-Patodi-Singer index conditions. The advantage
is that we need not assume that the endpoints are invertible.
We will deal with the von Neumann algebraic tensor product M := B(L2(I))⊗N
where I ⊂ R is an interval. For I we will have [0, 1], R, [0,∞) or [−∞, 1). The
interval will not be reflected in our notation, since it should be clear from the
context which interval is meant.
As before, let (Du)u∈[0,1] be a path of selfadjoint operators with common domain
and resolvents in K(N ) and such that Du depends continuously on u as a bounded
operator from H(D0) to H . We do not assume that D0, D1 are invertible but we
assume that Du is constant on [0, ε) and on (1− ε, 1] for some ε > 0.
We set Pu = 1[0,∞)(Du).
We define the unbounded operator (∂u +Du)
APS on L2([0, 1], H) as the closure of
∂u +Du with domain
{f ∈ C∞([0, 1], H(D0)) | P0f(0) = 0, (1− P1)f(1) = 0}
and, similarly, the operator (−∂u+Du)APS as the closure of −∂u+Du with domain
{f ∈ C∞([0, 1], H(D0)) | (1− P0)f(0) = 0, P1f(1) = 0} .
The operator
D˜APS =
(
0 (−∂u +Du)APS
(∂u +Du)
APS 0
)
is formally selfadjoint.
We also need the case of halfcylinders with Atiyah-Patodi-Singer boundary condi-
tions:
We define the operator (∂u +Du)
lAPS as the closure of ∂u +Du on L
2([0,∞), H)
with domain
{f ∈ C∞c ([0,∞), H(D0)) | P0f(0) = 0} .
Here, as usual, we have set Du = D1 for u ≥ 1.
Furthermore we let the operator (−∂u +Du)lAPS be the closure of −∂u +Du with
domain
{f ∈ C∞c ([0,∞), H(D0)) | (1− P0)f(0) = 0} .
This is a formal adjoint of (∂u +Du)
lAPS .
Similarly, we define (∂u + Du)
rAPS as the closure of ∂u + Du on L
2((−∞, 1], H)
with domain
{f ∈ C∞c ((−∞, 1], H(D0)) | (1 − P1)f(1) = 0}
and a formal adjoint (−∂u+Du)rAPS as the closure of −∂u+Du on L2((−∞, 1], H)
with domain
{f ∈ C∞c ((−∞, 1], H(D0)) | P1f(1) = 0} .
Proposition 2.10. The operator D˜APS is selfadjoint with resolvents in K(M). In
particular it is affiliated to M and Breuer-Fredholm.
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Proof. Without loss of generality we may assume that the endpoints D0, D1 are
invertible. This can be seen as follows: first note that it is enough to prove the
assertion for a perturbation of D˜APS by a bounded selfadjoint element of M. Let
ϕ ∈ C∞([0, 1]) be a positive function with suppϕ ∈ [0, 34 ] and supp(1− ϕ) ∈ [ 14 , 1].
Instead of Du, we may consider the path
Du := Du + ϕ(u)(1[0,1](D0)− 1[−1,0)(D0)) + (1− ϕ(u))(1[0,1](D1)− 1[−1,0)(D1)) ,
which has invertible endpoints. It holds that 1[0,∞)(Di) = Pi, i = 0, 1. Thus the
Atiyah-Patodi-Singer boundary conditions defined using the path (Du)u∈[0,1] are
the same as the ones using (Du)u∈[0,1].
We adapt the proof of Lemma 2.3, omitting some details. Let (Ui)i=0,...,k+1 be a
covering of [0, 1] by open intervals such that Ui ⊂ ( ε2 , 1 − ε2 ), i = 1, . . . , k, for ε as
above, and U0 = [0, ε), Uk+1 = (1 − ε, 1]. Furthermore we assume that the path
DUiu fulfills Assumption 2.4 for i = 1, . . . , k.
We let (χ2i )i=0,...,k+1 be a partition of unity subordinate to the covering (Ui)i=0,...,k+1
such that each χi is smooth.
For λ ∈ i R \{0} and i 6= 0, k + 1 we define
Qi(λ) := (D˜Ui − λ)−1 .
Parametrices near the endpoints are defined as follows: the operator (∂u+D0)
lAPS
is invertible with inverse
(((∂u +D0)
lAPS)−1f)(x)
=
∫ ∞
0
(−1[0,∞)(x− y)e−(x−y)D0P0 + 1[0,∞)(y − x)e−(x−y)D0(1− P0))f(y) dy .
(See Prop. 22.4 in [BW] for a detailed discussion of this formula in the case of
Dirac operators.) The inverse is in M.
A similar formula shows that the operator (−∂u +D0)lAPS is invertible as well. It
follows that the operator
D˜lAPS0 :=
(
0 (−∂u +D0)lAPS
(∂u +D0)
lAPS 0
)
is invertible with symmetric inverse in M2(M). In particular it is selfadjoint and
affiliated to M2(M). We set
Q0(λ) = (D˜lAPS0 − λ)−1 .
Analogously, the operator
D˜rAPS1 :=
(
0 (−∂u +D1)rAPS
(∂u +D1)
rAPS 0
)
is selfadjoint, affiliated to M2(M) and invertible. Set
Qk+1(λ) = (D˜rAPS1 − λ)−1 .
Define
Q(λ) =
k+1∑
i=0
χiQi(λ)χi .
To see that this operator is inK(M2(M)) one uses the following analogue of Lemma
2.2: since the operators e−xD0P0 and e
xD0(1−P0) are in K(N ) for x 6= 0, it follows
from the above formula for the inverse that ϕ((∂u + D0)
lAPS)−1 ∈ K(M) for
ϕ ∈ C∞c ([0,∞)), and similarly ϕ((∂u+D1)rAPS)−1 ∈ K(M) for ϕ ∈ C∞c ((−∞, 1]).
Now one shows as in the proof of Lemma 2.3 that for |λ| large enough the operator
(D˜APS − λ)Q(λ) =: 1 +K
is invertible.
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Thus Q(λ)(1 +K)−1 is a right inverse of (D˜APS − λ). Similarly one constructs a
left inverse.
It follows that (D˜APS − λ)−1 = Q(λ)(1 + K)−1 ∈ K(M2(M)). This implies the
assertion. 
Theorem 2.11. Let (Du)u∈[0,1] be a path of selfadjoint operators with common
domain and with resolvents in K(N ). We assume that Du depends continuously
on u as a bounded operator from H(D0) to H. Furthermore we assume that the
path is constant near each of the endpoints. Then
sf((Du)u∈[0,1]) = ind((∂u +Du)
APS) .
A path fulfilling all but the last condition may always be deformed such that it is
constant near the endpoints without changing the spectral flow. However, it is not
clear from our proof whether for such a more general path the right hand side of
the equation is well-defined.
Proof. By the argument from the beginning of Prop. 2.10, we can assume that
D0, D1 are invertible. (Here we use that the perturbation defined there leaves both
sides of the equation unchanged.)
In the proof of the previous proposition we saw that (∂u + D0)
lAPS and (∂u +
D1)
rAPS are invertible. In particular they are Breuer-Fredholm with vanishing
index. It holds that
ind((∂u +Du)
APS) = ind((∂u +Du)
APS) + ind(∂u +D0) + ind(∂u +D1)
= ind((∂u +D0)
lAPS) + ind(∂u +Du) + ind((∂u +D1)
rAPS)
= ind(∂u +Du)
= sf((Du)u∈[0,1]) .
Here the second equality follows from a cut-and-paste argument whose proof is as
in Lemma 2.5. The last equality follows from Theorem 2.1. 
3. Geometric operators on a foliated manifold
In this section we derive some general formulas for the spectral flow of tangential
operators for foliations. The new phenonemon appearing here is that the metric,
and thus the von Neumann algebra, may depend on the parameter.
In the following we will use notation and terminology from [MS].
Let (M,F) be a compact manifold, foliated by an integrable distribution TF ⊂ TM
of odd dimension p. Assume that the foliation is oriented, that is, the bundle ΛpT ∗F
is trivial, and assume there exists a holonomy invariant transverse measure Λ.
Let M be endowed with a leafwise Riemannian metric (that is, a positive definite
element of C∞tang(M,S
2T ∗F)). The induced leafwise volume form is denoted by
volL. There is an induced measure µ = volL dΛ on M .
Let R be the Borel equivalence relation
R = {(x, y) : x, y are in the same leaf L of F }
with the structure of a measured groupoid given by Λ.
Let E be a complex vector bundle on M endowed with a hermitian product. We
get a field of Hilbert spaces
H = {Hx := L2(Lx, E|Lx)}x∈M .
This is endowed with a measurable structure, as explained in the Appendix of [HL].
The direct integral of the field H is a separable Hilbert space [Di, p. 172]. The
groupoid R has a natural square integrable representation on H given by
R ∋ (x, y) 7→ (id : Hx → Hy) .
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We write EndR(H) for the algebra of uniformly bounded measurable fields of in-
tertwining operators, and define the von Neumann algebra of the foliation
W ∗(F ,R) := {[T ], T ∈ EndR(H), where T1 ∼ T2 iff equal on Λ-almost every leaf} .
This comes equipped with a semifinite trace trΛ [MS, p. 149 ff.].
Let (Du)u∈[0,1] be a path of tangential Dirac operators acting on the sections of E
with coefficients depending (for simplicity) smoothly on u. Now we also allow the
leafwise metric gu on M and the hermitian product su on E to depend smoothly
on the parameter u. We assume all these paths to be locally constant near u = 0
and u = 1.
The closure of Du – which we also denote by Du – has as domain the measurable
field W1 of Sobolev spaces W 1(Lx, Ex). As topological spaces these are indepen-
dent of the metric because the leaves are of bounded geometry. Each operator
Du is selfadjoint and affiliated to the von Neumann algebra W
∗(F ,R). Since its
resolvents are in K(W ∗(F ,R)), the operator Du is Breuer-Fredholm.
Note that the existing definitions [Ph] [W2] of the spectral flow do not directly
apply to the path (Du)u∈[0,1] since the operators Du act on different Hilbert fields.
We need to trivialize the path of Hilbert fields.
We write Hu for the above field of Hilbert spaces at the point u ∈ [0, 1]. First we
identify the hermitian product on the bundle E along the path: we write Esu for E
endowed with the hermitian product su. There is a unique bundle endomorphism
au on E such that s0(v, auw) = su(v, w) for all v, w ∈ Ex, x ∈ M . Since au is
positive with respect to s0, we can define Tu = a
1/2
u . Then Tu : E
su → Es0 is an
isometry. Analogously there is a unique bundle endomorphism bu on TF such that
g0(v, buw) = gu(v, w) for all v, w ∈ TxF , x ∈M . Let Uu = (det bu)−1/4Tu. This is
an endomorphism depending smoothly on u and defining an isometric isomorphism
Uu : H
u → H0. Note that Uu ∈W ∗(F ,R).
We point out the following: as an algebra the von Neumann algebraW ∗(F ,R) does
not depend on the metric, neither does its trace trΛ. But its involution depends on
the metric.
Definition 3.1. We define the spectral flow sf((Du)u∈[0,1]) as the spectral flow of
the path (Bu = UuDuU
−1
u )u∈[0,1] of operators acting on H
0.
Proposition 3.2. It holds that
sf((Du)u∈[0,1]) = ind((∂u +Du)
APS)
The operator (∂u +Du)
APS is Breuer-Fredholm with respect to the von Neumann
algebra associated to the foliated manifold with boundary M × [0, 1] whose leaves
are of the form L× [0, 1] with leafwise metric du2+ gu. Note that since gu depends
on the parameter, the situation here is different than the one considered in the
previous section.
Proof. From Theorem 2.11 we get that
sf((Du)u∈[0,1]) = sf((UuDuU
−1
u )u∈[0,1]) = ind((∂u + UuDuU
−1
u )
APS) .
It holds that
∂u + UuDuU
−1
u = Uu(∂u + U
−1
u ∂u(Uu) +Du)U
−1
u .
Since supp(U−1u ∂u(Uu)) ⊂ (0, 1), it follows that
ind((∂u + UuDuU
−1
u )
APS) = ind((∂u +Du)
APS) .

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Proposition 3.3. For s > 0 it holds that
sf((Du)u∈[0,1]) =
√
s
pi
∫ 1
0
trΛ
(
D˙ue
−sD2u
)
du+
1
2
ηs(D1)−(3.1)
− 1
2
ηs(D0) +
1
2
trΛ PKer(D1) −
1
2
trΛ PKer(D0) .
Here ηs(Di) =
1√
pi
∫ ∞
s
trΛ(Die
−tD2i )
dt√
t
is the truncated foliated eta invariant,
defined in [CP, §8]. The operator PKer(Di) denotes the projection onto the kernel
of Di.
Proof. We want to apply the integral formula Prop. 6.7 in [W2] to the path Bu.
Since in general the endpoints of Bu are not invertible, as required in [W2], we
construct a path with linearly perturbed endpoints. Let A0, A1 ∈ W ∗(F ,R) be
symmetric such that B0 +A0 and B1 +A1 are invertible, and define the path
α(u) =


α0(u) := B0 + (u + 2)A0 , u ∈ [−2,−1]
B0 − uA0 , u ∈ [−1, 0]
Bu , u ∈ [0, 1]
B1 + (u− 1)A1 , u ∈ [1, 2]
α1(u) := B1 + (u − 2)A1 , u ∈ [2, 3] ,
whose spectral flow equals the spectral flow of Bu. The piece β := α|[−1,1] has now
invertible endpoints. Then write
sf(Bu) = sf(α) = sf(α0) + sf(α1) + sf(β).
Applying Prop. 6.7 in [W2] to the term sf(β) = sf(
√
sβ) we obtain
sf(Bu) = sf(α0) + sf(α1) +
1√
pi
∫ 2
−1
√
s trΛ
(
β˙(u)e−sβ(u)
2
)
du+
+
1
2
η1(
√
s(B1 +A1))− 1
2
η1(
√
s(B0 +A0)) =
= sf(α0) + sf(α1) +
1√
pi
∫ 0
−1
√
s trΛ
(
−A0e−s(B0−uA0)2
)
du+
+
1√
pi
∫ 1
0
√
s trΛ(B˙ue
−sB2u) +
1√
pi
∫ 2
1
√
s trΛ
(
A1e
−s(B1+(u−1)A1)
2
)
du+
+
1
2
ηs(B1 +A1)− 1
2
ηs(B0 +A0).
Applying the integral formula Cor. 8.11 in [CP] to the two linear paths α0 and α1
yields
sf(α0) = sf(
√
sα0) =
1√
pi
∫ −1
−2
√
s trΛ
(
A0e
−s(B0+(u+2)A0)
2
)
du+
+
1
2
ηs(B0 +A0)− 1
2
ηs(B0)− 1
2
trPKer(B0)
and similarly for sf(α1); now combining the formulas we get
sf(Bu) =
1√
pi
∫ 1
0
√
s trΛ
(
B˙ue
−sB2u
)
du+(3.2)
+
1
2
ηs(B1)− 1
2
ηs(B0)− 1
2
trΛ PKer(B0) +
1
2
trΛ PKer(B1) .
Now we show that we can substitute Bu with Du.
The derivatives D˙u, U˙u and
d
du (Uu) are determined by their fibrewise action on
smooth compactly supported functions on the fibers, so they do not depend on the
metric used to define the involutive structure on W ∗(F ,R).
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From this, the cyclicity of the trace, and by using
(
d
du
Uu)U
−1
u + Uu(
d
du
U−1u ) =
d
du
(UuU
−1
u ) = 0
one obtains
trΛ
(
B˙ue
−sB2u
)
= trΛ
(
d
du
(UuDuU
−1
u )e
−sUuD
2
uU
−1
u
)
= trΛ
(
(
d
du
Uu)DuU
−1
u Uue
−sD2uU−1u
)
+ trΛ
(
UuDu(
d
du
U−1u )Uue
−sD2uU−1u
)
+ trΛ
(
UuD˙uU
−1
u Uue
−sD2uU−1u
)
= trΛ
(
D˙ue
−sD2u
)
.
For the remaining terms in (3.2), it is clear that we can substitute Bu with Du so
that we get (3.1). 
4. The spectral flow of the odd signature operator
In this section we prove the vanishing of the von Neumann spectral flow for a path
of odd tangential signature operators along a path of metrics.
Let us recall the definition of the leafwise odd signature operator. We assume that
dimF = p = 2l + 1. Let E := ΛT ∗F ⊗ C, and let τ be the leafwise chirality
grading, τϕ := il+1+k(k+1) ∗ ϕ, ϕ ∈ C∞(Lx,ΛkT ∗F|Lx) (where ∗ is the leafwise
Hodge star operator). The leafwise odd signature operator Dsign is defined on
Ω∗tang(M) = C
∞
tang(M,E) by
Dsign = τd + dτ .
Now we assume that we have a path of leafwise Riemannian metrics (gu)u∈[0,1] de-
pending smoothly on the parameter and constant near u = 0, 1. Thus we get a path
of chirality operators τu, and a path of signature operators D
sign
u , correspondingly.
Proposition 4.1. The spectral flow of the path (Dsignu )u∈[0,1] is zero.
From (3.1) we have
(4.1)
sf(Dsignu ) =
1√
pi
∫ 1
0
√
s trΛ
(
D˙signu e
−s(Dsignu )
2
)
du+
1
2
ηs(D
sign
1 )−
1
2
ηs(D
sign
0 )
since trΛ PKer(D1) = trΛ PKer(D0) by the homotopy invariance of foliation Betti
numbers [HL].
Now take the limit for s→∞. Clearly lim
s→∞
ηs(Di) = 0.
The following statement, proved in the case of a covering by Cheeger and Gromov
in [CG], implies the vanishing of the spectral flow.
Lemma 4.2 ([CG]). It holds that
(4.2) lim
s→∞
∫ 1
0
√
s trΛ
(
D˙signu e
−s(Dsignu )
2
)
du = 0 .
Proof. Let δ = τdτ . Consider the classical decomposition
H = ker∆⊕ Im d⊕ Im δ
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and let Pu be the projection onto Im d, and Qu the projection onto Im δ. Note that
both depend on u via the metric. We now estimate the integrand separately on the
subspaces Im d and Im δ. Look for example at the estimate of
√
s trΛ
(
D˙uQue
−sD2u
)
,
where Du = D
sign
u . Observe that
D˙uQu = τ˙u dQu = τ˙uτ
−1
u τudQu = CuDuQu
with Cu ∈W (F ,R). Then∣∣∣√s trΛ (D˙uQue−sD2u)∣∣∣ = ∣∣∣√s trΛ (CuDuQue−sD2u)∣∣∣
≤ ‖CuQu‖
∣∣∣√s trΛ (|Du|e−sD2u)∣∣∣
Let now Eλ = Eλ(u) be the spectral measure associated to the Laplacian D
2
u.
(To simplify the notation, in the following we will not always write explicitely the
dependence on u). Now, since |Du|e−sD2uE0 = 0, we can write for µ > 0
|√s trΛ
(
|Du|e−sD2u
)
| ≤ |√s trΛ
∫ ∞
0
√
λe−sλd(Eλ ∩ E⊥0 )| ≤
(4.3) ≤ √s
∫ µ
0
√
λe−sλdσ +
√
s
∫ ∞
µ
√
λe−sλdσ = I + II
where σ = trΛ d(Eλ ∩ E⊥0 ). For the term (I), observe that the positive function
f(λ) =
√
λe−sλ has its maximum in the point λ = 12s , with value f(
1
2s ) = e
− 1
2
√
1
2s ,
so that we get
√
s
∫ µ
0
√
λe−sλdσ ≤ √se− 12 1√
2s
∫ µ
0
dσ =
e−
1
2√
2
trΛ(Eµ ∩ E⊥0 )
In order to estimate the second term (II) in (4.3) we write∫ ∞
µ
√
λe−sλdσ =
∫ ∞
µ
√
λe−(s−1)λe−λdσ
The function g(λ) =
√
λe−(s−1)λ has its maximum in the point λ = 12(s−1) . Now
we set µ = 1√
2(s−1)
. For s large we have that g(λ) ≤ g(µ) on the interval [µ,∞),
getting ∫ ∞
µ
√
λe−sλdσ ≤ √µe−(s−1)µ trΛ(e−D2u)
Summarizing,
I + II ≤ e
− 1
2√
2
trΛ(Eµ ∩E⊥0 ) +
√
s
√
µe−(s−1)µ trΛ(e
−D2u) .
By sµ = O(
√
s) and since trΛ(e
−D2u) is uniformly bounded in u, the second term
vanishes uniformly in u as s→∞. In the first term we have that limµ→0 trΛ(Eµ ∩
E⊥0 ) → 0. Since trΛ(Eµ ∩ E⊥0 ) is uniformly bounded in u, we can use Lebesgue
theorem and get (4.2). 
In the classical case of a closed manifold, the vanishing of the spectral flow for
a path of signature operators can be deduced from the fact that the projection
onto the kernel depends smoothly on the parameter, see for example [Me, §8.15].
For the tangential signature operator on foliations, the smooth dependence of this
projection can be proven as in Theorem 2.2 of [GR]. However, in the von Neumann
algebraic situation, the vanishing of the spectral flow does not follow from the
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smooth dependence of the projection onto the kernel, as the following example
shows. Consider the path of operators (Du := i∂x + u)u∈[−1,1] on H = L
2(R)
and let N be the von Neumann algebra of Z-equivariant bounded operators on
L2(R) with its standard semifinite trace trZ. For any u ∈ [−1, 1] the kernel of Du
is even trivial. Compute the von Neumann spectral flow via its definition [Ph]:
let 1≥0(D) = 1[0,∞)(D) be the spectral projection onto the positive part of the
spectrum; we get
sf((Du)u∈[−1,1]) = ind Z (1≥0(D−1)1≥0(D1) : 1≥0(D1)H → 1≥0(D−1)H) =
= TrZ
(
1[−1,∞)(i∂x)1(−∞,1](i∂x)
)− TrZ (1[1,∞)(i∂x)1(−∞,−1)(i∂x)) =
= TrZ 1[−1,1](i∂x) 6= 0 .
By the definition of spectral flow [Ph], a very direct proof of Prop. 4.1 could be
given if one could show that the projection onto the positive part of the spectrum
of Dsignu depends continuously on u: such a proof is not known.
5. Measured analytic signature of foliated manifolds with boundary
As an application of Theorem 3.2 and Prop. 4.1, we now prove that the analytic
Λ-signature for a foliated manifolds with boundary does not depend on the metric.
Let (M,F) be a foliated manifold with boundary, with even dimensional leaves
and foliation structure transverse to the boundary. Assume that it admits a holo-
nomy invariant transverse measure Λ. Furthermore we assume that M is endowed
with a leafwise Riemannian metric, which is of product type near the boundary.
The tangential signature operator Dsign is Z2-graded by chirality. We denote by
(Dsign)APS its closure defined by using Atiyah-Patodi-Singer index conditions. The
following definition was introduced by Antonini in [An2].
Definition 5.1. The analytic Λ-signature is by definition the measured L2-index
σΛ,an(M,∂M) = indL2,Λ(D
sign,+) = ind ((Dsign,+)APS) + trΛ(PKerD∂ ) ,
where D∂ is the odd signature operator induced on the boundary.
The measured L2-index indL2,Λ(D
sign,+) is defined using the corresponding cylin-
dric setting. We will not use it in the following.
Proposition 5.2. σΛ,an(M,∂M) does not depend on the metric on M .
Proof. Our proof is inspired by arguments in [LP, §6.1].
Let gu be a smooth path of leafwise Riemannian metrics on M , which are of prod-
uct type near the boundary. Let Dsignu be the induced path of foliated signature
operators. The following gluing formula holds:
(5.1) ind ((Dsign,+1 )
APS)− ind ((Dsign,+2 )APS) = ind ((∂u +D∂u)APS) .
This follows from a von Neumann relative index theorem applied to the tangential
signature operator on the closed foliated manifold M1 ∪∂M ([1, 2]× ∂M) ∪ (−M2)
where Mi is M with metric gi, i ∈ {1, 2}, and the tangential metric on [1, 2]× ∂M
is du2 + gu. The technique to prove the relative index theorem is essentially the
one we used in Lemma 2.5. Alternatively, it follows from Ramachandran’s index
theorem [Rm]. We conclude from Theorem 3.2 that
(5.2) ind ((Dsign,+1 )
APS)− ind ((Dsign,+2 )APS) = sf((D∂u)u∈[1,2]) .
Now the assertion follows from Prop. 4.1 by using that trΛ(PKerD∂ ) does not
depend on the metric as well, being a homotopy invariant [HL]. 
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Our methods generalize directly to tangential signature operators twisted by a
bundle E which is flat near the boundary. However, it seems that the homotopy
invariance of the foliated Betti numbers [HL], which we used in the proof, has not
yet been established for the twisted situation in general (see Theorem 10.6 in [BH]
for a partial result).
Note that then connection on E has to be fixed near the boundary since in general
there is spectral flow if the flat connection varies.
Appendix A. On the integral formula for bounded operators
Let N be a von Neumann algebra acting on a separable Hilbert space H and
endowed with a faithful normal semifinite trace tr.
We denote by l1(N ) the space of operators K ∈ N such that tr |K| <∞ and endow
it with the norm ‖K‖1 = ‖K‖+ tr(|K|).
In the following a path of bounded operators is not assumed to be continuous in
the norm topology. The conditions will be specified.
We take the opportunity to point out an error in the assumptions of Lemma 6.1
and 6.3, Prop. 6.2 and Theorem 6.4 of [W2], which is relevant for the following:
There it is always assumed that one deals with a path (Fu)u∈[0,1] in N such that
(u 7→ FuK) ∈ C1([0, 1], l1(N )) for all K ∈ l1(N ). What is needed for the proofs is
the stronger assumption that the map
l1(N )→ C1([0, 1], l1(N )) ,
K 7→ (u 7→ FuK)
is well-defined and bounded. The conclusions of Lemma 6.1 and Prop. 6.2 should
be modified accordingly. The arguments still remain valid.
Lemma A.1. Let (Fu)u∈[0,1] be a path in N . If the map
J → C1([0, 1],J ) ,
K 7→ (u 7→ FuK)
is well-defined and bounded for J = K(N ), then it is also well-defined and bounded
for J = l1(N ).
Proof. Let K ∈ l1(N ) with polar decomposition K = |K|U .
Let 1n be the characteristic function of [
1
n ,∞). Note that 1n(|K|) ∈ l1(N ): Since
1n(|K|) ∈ K(N ), the operator 1−1n(|K|) is Breuer-Fredholm. Thus the projection
onto its kernel, which is 1n(|K|), has finite trace. It follows that Kn := 1n(|K|)K ∈
l1(N ). Furthermore Kn converges in l1(N ) to K.
From this we conclude that the set S = {K ∈ l1(N ) | 1n(|K|)K = K} is dense in
l1(N ).
Now let K ∈ S.
By assumption, the function
t 7→ Ft 1n(|K|)
is bounded in C1([0, 1],K(N )) by C‖1n(|K|)‖ = C for some C > 0 independent of
n and K. It follows that the function
t 7→ (FtK = Ft 1n(|K|)K)
is bounded in C1([0, 1], l1(N )) by C‖K‖1.
This shows the assertion.

In [W2] essentially the following theorem was proven with the additional assumption
that each Fu is the bounded transform of an unbounded operator with resolvents
in K(N ). Compare the theorem with the main result in [CPS].
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Theorem A.2. Let (Fu)u∈[0,1] be a path of selfadjoint Breuer-Fredholm operators
in N with ‖Fu‖ ≤ 1 for all u ∈ [0, 1] and such that F0, F1 are invertible.
We assume that the map
K(N )→ C1([0, 1],K(N )) ,
K 7→ (u 7→ FuK)
is well-defined and bounded.
Let χ ∈ C2c (R) be an odd function such that χ(1) = 1 and χ′(0) > 0 and such that
χ|[−1,1] is non-decreasing.
Assume that (u 7→ χ′(Fu)) ∈ C([0, 1], l1(N )) and that (u 7→ (χ(Fu)2 − 1)) ∈
C1([0, 1], l1(N )). Then
sf((Fu)u∈[0,1]) =
1
2
∫ 1
0
tr
(
(
d
du
Fu)χ
′(Fu)
)
du
+
1
2
tr
(
2P1 − 1− χ(F1)
)− 1
2
tr
(
2P0 − 1− χ(F0)
)
,
where Pi = 1≥0(Fi).
Proof. The two terms in the last line are well-defined by (2Pi − 1) − χ(Fi) =
((2Pi − 1) + χ(Fi))−1(1− χ(Fi)2) ∈ l1(N ).
Let (ϕm)m∈N ⊂ C∞c (R) be a sequence of even functions with the following proper-
ties:
• ϕm is non-decreasing on [−1, 0] and equals 1 in a neighbourhood of the
origin,
• suppϕm is contained in the interior of supp(χ2 − 1) ∩ [−1, 1],
• ϕm(x) ≤ ϕm+1(x) ≤ 1 for any x ∈ R and ϕm+1|suppϕm = 1,
• ϕm(x) converges to 1 for m→∞ for all x in the interior of supp(χ2 − 1)∩
[−1, 1].
By Prop. 6.2 in [W2] the map
l1(N )→ C1([0, 1], l1(N ))
K 7→ ϕ(Ft)K
is well-defined and continuous.
Since ϕm/(χ
2−1) can be extended by zero to an element in Cc(R) and χ(Fu)2−1 ∈
l1(N ), also ϕm(Fu) ∈ l1(N ).
For m ∈ N and x ∈ [−1, 1] let
χm(x) =
1
Cm
∫ x
0
χ′(y)ϕm(y) dy
with Cm =
∫ 1
0 χ
′(y)ϕm(y) dy. Extend χm to an odd function in C
2
c (R) such that
supp(χ2m − 1) contains a neighbourhood of supp(χ2 − 1).
The equality χ′m(Fu) =
1
Cm
ϕm(Fu)χ
′(Fu) implies by Prop. 6.2 of [W2] that
(u 7→ χ′m(Fu)) ∈ C([0, 1], l1(N )) .
Define gm ∈ C2c (R) by gm(x) := (χ2m(x)−1)/(χ2(x)−1) if χ2(x) 6= 1 and x ∈ [−1, 1],
and gm(x) = 0 if χ
2(x) = 1 or |x| ≥ 1. Since χm(Fu)2 − 1 = gm(Fu)(χ(Fu)2 − 1),
we infer from Prop. 6.2 in [W2] that
(u 7→ (χm(Fu)2 − 1)) ∈ C1([0, 1], l1(N ))
and then from Lemma 6.3 in [W2] that
(u 7→ (epii(χm(Fu)+1) − 1)) ∈ C1([0, 1], l1(N )) .
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Now we show that the integral formula holds for χm. In the end we will take the
limit over m. Since the proof is very similar to the proof of Theorem 6.4 in [W2],
we will omit some details.
Let Gu := (1− u)(2P0 − 1) + uχm(F0) and Hu := (1− u)χm(F1) + u(2P1 − 1) and
define (Qu)u∈[−1,2] by Qu := χm(Fu) for u ∈ [0, 1], Qu := Gu+1 for u ∈ [−1, 0] and
Qu := Hu−1 for u ∈ [1, 2].
It holds that
1
2pii
∫ 1
0
tr
(
e−pii(Gu+1)
d
du
epii(Gu+1)
)
du+
1
2pii
∫ 1
0
tr
(
e−pii(Hu+1)
d
du
epii(Hu+1)
)
dt
=
1
2
tr
(
(2P1 − 1)− χm(F1)
)− 1
2
tr
(
(2P0 − 1)− χm(F0)
)
.
Hence
sf((Fu)u∈[0,1]) = sf((Qu)u∈[−1,2])
=
1
2pii
∫ 1
0
tr
(
e−pii(χm(Fu)+1)
d
du
epii(χm(Fu)+1)
)
du
+
1
2
tr
(
(2P1 − 1)− χm(F1)
)− 1
2
tr
(
(2P0 − 1)− χm(F0)
)
.
We evaluate the integral.
Set f := epii(χm+1) − 1. Since(
supp f ∩ [−1, 1]) ⊂ (supp(χ2m − 1) ∩ [−1, 1]) ⊂ suppϕm ,
it holds that ϕn|supp f∩[−1,1] = 1 for n > m. This implies that
d
du
f(Fu) =
d
du
(
ϕn(Fu)f(Fu)
)
=
( d
du
ϕn(Fu)
)
f(Fu) + ϕn(Fu)
d
du
f(Fu) .
Thus
tr
(
e−pii(χm(Fu)+1)
d
du
f(Fu)
)
= tr
(
e−pii(χm(Fu)+1)(
d
du
ϕn(Fu)f(Fu)+ϕn(Fu)
d
du
f(Fu))
)
.
Let n > m+ 2.
Now
tr
(
e−pii(χm(Fu)+1)(
d
du
ϕn(Fu))f(Fu)
)
= tr
(
e−pii(χm(Fu)+1)ϕn−1(Fu)(
d
du
ϕn(Fu))f(Fu)
)
= tr
(
e−pii(χm(Fu)+1)
d
du
(ϕn−1(Fu)ϕn(Fu))f(Fu)
)
− tr(e−pii(χm(Fu)+1)( d
du
ϕn−1(Fu))ϕn(Fu)f(Fu)
)
.
These two terms cancel out since they both equal tr
(
e−pii(χm(Fu)+1)( dduϕn−1(Fu))f(Fu)
)
:
The first by ϕn−1ϕn = ϕn−1, and the second by ϕnf |[−1,1] = f |[−1,1].
It follows that
tr
(
e−pii(χm(Fu)+1)
d
du
f(Fu)
)
= tr
(
e−pii(χ(Fu)+1)(
d
du
f(Fu))ϕn(Fu)
)
.
A calculation as in the proof of Theorem 6.4 in [W2] yields that
tr
(
e−pii(χm(Fu)+1)(
d
du
f(Fu))ϕn(Fu)
)
= ipi tr((
d
du
Fu)χ
′
m(Fu)ϕn(Fu)
)
.
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Using that χ′m(Fu)ϕn(Fu) = χ
′
m(Fu) we obtain
sf((Fu)u∈[0,1]) =
1
2
∫ 1
0
tr
(
(
d
du
Fu)χ
′
m(Fu)
)
du
+
1
2
tr
(
(2P1 − 1)− χm(F1)
)− 1
2
tr
(
(2P0 − 1)− χm(F0)
)
.
Now we consider the limit m→∞.
First note that Cm converges to 1. We fix u. The sequence of positive operators
Cmχ
′
m(Fu) = χ
′(Fu)ϕm(Fu) ∈ l1(N ) is non-decreasing with supremum χ′(Fu).
Thus Cm tr
(
( dduFu)χ
′
m(Fu)
)
converges to tr
(
( dduFu)χ
′(Fu)
)
.
Furthermore for some C > 0, independent of m and u,
Cm| tr
(
(
d
du
Fu)χ
′
m(Fu)
)| ≤ ‖( d
du
Fu)ϕm(Fu)‖ tr(χ′(Fu))
≤ C tr(χ′(Fu)) .
Thus by Lebesgue’s Lemma
∫ 1
0
tr
(
( dduFu)χ
′
m(Fu)
)
du converges to
∫ 1
0
tr
(
( dduFu)χ
′(Fu)
)
du.
Furthermore Cm(1 + χm(x)) ≤ 1 + χ(x) for x < 0 and Cm(1 − χm(x)) ≤ 1− χ(x)
for x > 0. It follows that
Cm(1 − (2Pi − 1)χm(Fi)) ≤ 1− (2Pi − 1)χ(Fi) .
Both sides are positive. The left hand side converges to the right hand side for
m→∞ in N , hence also in l1(N ). Since
(2Pi − 1)− χm(Fi) = (2Pi − 1)(1 − (2Pi − 1)χm(Fi)) ,
it follows that tr
(
(2Pi − 1)− χm(Fi)
)
converges to tr
(
(2Pi − 1)− χ(Fi)
)
. 
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